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Abstract

The QTE.RD package provides methods to test, estimate, and conduct uniform inference
on quantile treatment effects (QTEs) in sharp regression discontinuity (RD) designs, allow-
ing for covariates, implementing robust bias correction. The package includes four main
functions: 1) The rd.qte function returns the QTEs and uniform confidence bands, with or
without covariates, and with or without robust bias correction. 2) The rdq.test function
tests three hypotheses, related to the significance of treatment effects, homogeneous treat-
ment effects, and uniformly positive or negative treatment effects. 3) The rdq.bandwidth

function implements two bandwidth selection rules: the cross-validation bandwidth and
the MSE optimal bandwidth. 4) The plot.qte function generates figures summarizing
the treatment effects along with their confidence bands. This note includes an illustrative
empirical application to the impact of tracking (assigning students into separate classes
by prior achievement) on student’s achievement using the data set of Duflo, Dupas, and
Kremer (2011).
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1 Introduction

The regression discontinuity (RD) design (Thistlethwaite and Campbell, 1960) has become an
important methodology for identifying and estimating causal effects from observational data.
Under a sharp RD design, the assignment to a treatment is fully determined by whether the
value of a covariate, known as the running variable, surpasses a fixed cutoff. The randomization
near the cutoff allows for the estimation of treatment effects by comparing individuals above the
threshold with those below it. To date, the majority of studies in the RD literature have focused
on the average treatment effect (ATE).

Treatment effects are often heterogeneous, and the concept of quantile treatment effects
(QTE; Lehmann, 1975, and Doksum, 1974) offers a flexible framework for documenting the het-
erogeneity. Four key issues often arise in such contexts: 1) Constructing a uniform confidence
band that covers the quantile treatment effects at a given confidence level; 2) Testing the statisti-
cal significance of the treatment effect within a given quantile range (Treatment Significance); 3)
Assessing whether the treatment effects are equal across all quantiles (Treatment Homogeneity);
4) Determining if the effects are uniformly positive or uniformly negative within this quantile
range (Treatment Unambiguity).

Furthermore, if heterogeneity is detected by examining the above issues, utilizing covariates
can help pinpoint the source of the heterogeneity. For instance, consider a sample comprising
both males and females. If the quantile treatment effects are equal within each gender group
but differ between groups, introducing a gender dummy into the model will reveal homogeneous
quantile treatment effects for both groups. In this context, QTE estimates plotted as a function
of the quantile index should show that the effects are identical within each group but differ
between them. However, if the QTE demonstrates a non-zero slope in quantile for any subgroup,
it indicates that treatment heterogeneity persists even after accounting for initial covariates.
This then indicates the need for further analysis with additional explanatory variables to fully
understand the underlying heterogeneity.

These considerations motivated the study of Qu and Yoon (2019) and Qu, Yoon, and Perron
(2023). The former study develops methods for conducting uniform inference on QTEs for sharp
RD designs without covariates, while the latter paper extends the methods to allow for covariates.
The proposed package implements their methods in an easy-to-use fashion. Four functions are
provided:

i. rd.qte(). This function provides point estimates of QTEs over a range of quantiles and a
uniform confidence band that covers these effects at a given confidence level. The estimation
is based on local-linear regressions. The user can specify whether or not to include any
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covariates and how many of them to include in the regression. The function provides results
either without any bias correction or with robust bias corrections (Qu, Yoon, and Perron,
2023).

ii. rdq.test(). This function provides testing results for three hypotheses on the treatment
effects outlined above: Treatment Significance, Homogeneity, and Unambiguity. The user can
choose whether to allow for covariates, and whether to conduct robust bias correction. The
critical values are obtained via simulations when implementing these tests.

iii. rdq.bandwidth(). This function implements two bandwidth selection rules: the cross-
validation bandwidth and the MSE optimal bandwidth. In practice, one can apply both
methods to examine result sensitivity.

iv plot.qte(). This function generates figures summarizing the QTE estimates and their uni-
form confidence bands, helping users visualize the results from testing and estimation.

When implementing these methods, users need to supply the following input: the outcome
variable in y, treatment status in d (0 or 1), independent variables in x, and a quantile range
T . The first column of x is a scalar running variable, and the remaining columns in x include
additional covariates, which can be discrete or continuous. When there are no covariates, x is
just a column vector of the running variable.

Let x0 denote the cutoff and z0 the value of the remaining covariates at which to evaluate the
effects (e.g., if a female dummy is included, z0 = 1 indicates the female subgroup). The main
objects of the analysis are the conditional quantile functions on the right and left sides of the
cutoff: Q(τ |x+

0 , z0) and Q(τ |x−
0 , z0), and the QTE at this cutoff: Q(τ |x+

0 , z0) − Q(τ |x−
0 , z0).

The above functions can also be used to analyze data from a randomized controlled trial
(RCT). In this case, the two sides of the cutoff are replaced by observations from the control and
treatment groups, respectively. The variable x will be a variable that is highly predictive of the
outcome of the experiment, and z is used to explore the heterogeneity in the treatment effect.
Let Q1(τ |x, z) be the conditional quantile function of the treatment (d = 1) group and Q0(τ |x, z)
be that of the control (d = 0) group, then the QTE at (x, z) is defined as Q1(τ |x, z) − Q0(τ |x, z).
If we have x = x0 for some x0, the estimate we provide will correspond to the local treatment
effect near the chosen x0, placing no restriction on the effects away from x0.

There is no R package, as far as we know, for estimating QTEs under RD designs, even for
the simplest setting without covariates. There are, however, Stata functions rddqte and rdqte

that can be used in RD designs by applying methods in Frandsen, Frölich, and Melly (2012) and
Chiang, Hsu, and Sasaki (2019). These Stata functions are particularly useful for fuzzy designs.
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But they do not offer methods allowing heterogeneous effects by groups or continuous covariates.
So if the goal is to explore the heterogeneity in full generality for sharp RD designs, it is suitable
to use QTE.RD.

We apply the functions of this package to study the impact of tracking (assigning students
into separate classes by prior achievement) on student achievement using the dataset of Duflo,
Dupas, and Kremer (2011). Their experimental data includes 121 primary schools in Kenya
which received funds in 2005 to hire a new teacher and split their single first-grade class into two
sections. The schools were randomly divided into the treated group, 61 tracking schools, and the
control group, 60 non-tracking schools. In tracking schools, students were assigned to sections
based on baseline test scores. In non-tracking schools, students were randomly assigned.

The experimental design has rich random variations, featuring elements of both randomized
controlled trials (RCT) and RD. By comparing tracking and non-tracking schools, that is, by
exploiting the RCT structure, one can study the effect of tracking on all students. Additionally,
by analyzing median students within tracking schools, that is, by exploiting the RD structure, one
can study the effect of tracking on marginal students who barely made or missed the opportunity
of being assigned to a high ability section. Both structures were exploited in Duflo, Dupas, and
Kremer (2011), though they focused on average effects instead of quantile effects.

The experiment lasted for 18 months. The main outcome variable is the sum of math and
language scores on the endline tests administered in all schools at the end of the program. Duflo,
Dupas, and Kremer (2011) also examined the long-run effect using a follow-up test which was
given one year after the tracking ended. We analyze the short-term effect by focusing on the
endline test. To study the heterogeneity in effects, we use as covariates the baseline test score,
students’ gender and age (at the endline test), and whether teachers are civil servants or contract
teachers.

From the RD design, we find no evidence that marginal students assigned to the lower sec-
tion (i.e., those falling just below the median of the initial achievement distribution) performed
any worse than those assigned to the upper section, despite the fact that the latter group had
higher achieving peers. This finding, while confirming Duflo, Dupas, and Kremer (2011), is more
definitive in that it documents the lack of effect, not only on average, but also on any points of
the outcome distribution. Examining heterogeneity across groups by covariates, we find that the
effects of assigning to an upper section are negative for girls but positive for boys across quantiles.
In particular, female students who were at the bottom of the endline scores may fare worse if
they were assigned to the upper section. However, these effects are mostly statistically insignifi-
cant, suggesting that a larger dataset is needed to draw more precise conclusions regarding this
heterogeneity.
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From the RCT design, we find uniformly positive effects of tracking. Test scores were higher
in tracking schools than in non-tracking schools up to 0.351 standard deviations. The null
hypothesis of no effect is firmly rejected. The biggest effects can be found for students who were
at the middle of the baseline test distribution, male and younger students, and those taught by
contract teachers. Our findings from the RCT support that the tracking may be beneficial to all
students not just to those assigned to high achievement sections. If the peer effect is the dominant
factor in the effect of tracking, the marginal students who assigned to the lower section may have
much to lose. But our findings from the RDD indicates that even this group did not suffer at all.
This can be explained if, as Duflo, Dupas, and Kremer (2011) argued, tracking allows teachers
to closely match their instruction to the need of students and benefits all students.

Below, we first review the statistical methods implemented in the package, and after that we
will provide details on the implementation in the context of the empirical application.

2 Methods for QTEs with/without covariates

This section presents materials in the following order: the model and the issues of interest,
the main estimation steps along with the bandwidth selection methods, the uniform confidence
bands with and without bias correction, and finally, the computation of tests related to treatment
significance, homogeneity, and unambiguity. We also highlight that the methods can be used to
estimate local effects in RCTs in addition to RD designs.

2.1 Model

Let y represent the outcome variable, x be the running variable, and z (q×1) be a set of covariates.
We focus on the sharp RD design in which the treatment status shifts at x = x0: no one below x0 is
treated, and everyone above x0 is treated. For theoretical analysis, define two local neighborhoods
of x0: the left neighborhood B−(x0) = [x0−δ, x0) and the right neighborhood B+(x0) = [x0, x0+δ]
with δ a small positive constant. With Q(τ |x, z) denoting the τ -th conditional quantile of y given
x and z, the model we assume to hold is given by:

Q(τ |x, z) = g1(x, τ) + z′β1(τ) + xz′γ1(τ) over τ ∈ T for any x ∈ B−(x0),

Q(τ |x, z) = g2(x, τ) + z′β2(τ) + xz′γ2(τ) over τ ∈ T for any x ∈ B+(x0),

where g1(x, τ) and g2(x, τ) are continuous nonparametric functions of x and τ . For a given z,
the QTE at the τ -th quantile is defined as

δ(τ |z) = δ(τ |x0, z) = lim
x↓x0

Q(τ |x, z) − lim
x↑x0

Q(τ |x, z),
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where limx↓x0 denotes the value of the function as x approaches the limit from the right side of
the cutoff, and limx↑x0 from the left side of the cutoff. We will denote the two right hand side
expressions by Q(τ |x+

0 , z) and Q(τ |x−
0 , z), respectively. The methods in this package primarily

address the following issues:

1. Uniform Confidence Band. For any given z and coverage level p, obtain a band [Lp(τ |z),
Up(τ |z)] such that Pr{δ(τ |z) ∈ [Lp(τ |z), Up(τ |z)] for all τ ∈ T } ≥ p holds asymptotically.

2. Treatment Significance. Test H0 : δ(τ |z) = 0 for all τ ∈ T against H1 : δ(τ |z) ̸= 0 for some
τ ∈ T .

3. Treatment Homogeneity. Test H0 : δ(τ |z) is constant over T against H1 : δ(τ |z) ̸= δ(s|z) for
some τ, s ∈ T .

4. Treatment Unambiguity. Test H0 : δ(τ |z) ≥ 0 over T against H1 : δ(τ |z) < 0 for some τ ∈ T .
Alternatively, test δ(τ |z) ≤ 0 over T against δ(τ |z) > 0 for some τ ∈ T .

2.2 Estimation

The estimation is based on local linear quantile regressions, in which the conditional quantile
functions on the two sides of the cutoff are approximated by:

Q(τ |x, z) ≈ α−
0 (τ) + α−

1 (τ)(x − x0) + z′β−(τ) + (x − x0)z′γ−(τ) (for x below the cutoff),

Q(τ |x, z) ≈ α+
0 (τ) + α+

1 (τ)(x − x0) + z′β+(τ) + (x − x0)z′γ+(τ) (for x above the cutoff).

The interactive terms (x − x0)z′γ−(τ) and (x − x0)z′γ+(τ) are important and they are discussed
below in Remark 1. The estimation solves the following two minimization problems separately:

min
α−

0 ,α−
1 ,β−,γ−

n∑
i=1

ρτ

(
yi − α−

0 − α−
1 (xi − x0) − z′

iβ
− − (xi − x0)z′

iγ
−

)
(1 − di)K ((xi − x0)/bn,τ ) ,

min
α+

0 ,α+
1 ,β+,γ+

n∑
i=1

ρτ

(
yi − α+

0 − α+
1 (xi − x0) − z′

iβ
+ − (xi − x0)z′

iγ
+

)
diK ((xi − x0)/bn,τ ) ,

where n is the sample size, xi is the running variable value for individual i, di = 1(xi ≥ x0) is the
treatment indicator, zi is a set of covariates, ρτ is the check function: ρτ (u) = u(τ − 1{u < 0}),
K(·) is a kernel function, and bn,τ is a quantile-dependent bandwidth discussed later. See Koenker
(2005) for a comprehensive treatment of quantile regressions and Yu and Jones (1998) for local
linear quantile regressions.

In the implementation, we solve the above two optimization problems for an equidistant grid
of quantiles over T and then apply linear interpolation between adjacent quantiles to obtain
continuous functions over quantiles. This gives us the estimated conditional quantile curves on
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the two sides of the cutoff: Q̂(τ |x−
0 , z) = α̂−

0 (x, τ)+z′β̂−(τ), and Q̂(τ |x+
0 , z) = α̂+

0 (x, τ)+z′β̂+(τ).
The QTE estimate, prior to any bias correction, is given by

δ̂(τ |z) = Q̂(τ |x+
0 , z) − Q̂(τ |x−

0 , z) for any τ ∈ T .

This QTE estimate is affected by a bias term. The main effect of this bias is to distort the
coverage level of the confidence band and the rejection frequency of the hypothesis tests under
the null hypothesis. This motivates the usage of bias-corrected estimates at the cost of estimation
efficiency. To estimate the bias, we first run two local quadratic regressions for the two sides of
the cutoff for each τ . To that end, we solve the same minimization problem as the local linear
regression case, except the local linear approximation is replaced by quadratic regression with
the same bandwidth bn,τ . Then, the bias-corrected estimator is computed as (x can be either
x+

0 or x−
0 ): Q̂(τ |x, z) − B̂v(x, z, τ)b2

n,τ . The bias correction affects the distribution of the QTE
estimator, and our methods incorporate an extra term into the distribution to account for this
additional estimation uncertainty motivated by Calonico et al. (2014); see the discussions in
Subsection 2.4.

Remark 1 We now discuss how to interpret the estimates to ease the application. If zi is a
dummy variable, e.g., equal to one for females, then the QTEs for men and women are given
by α+

0 (τ) − α−
0 (τ) and α+

0 (τ) − α−
0 (τ) + β+(τ) − β−(τ). If zi is a continuous variable, then the

QTE at x = x0 for z = z0 is given by α+
0 (τ) − α−

0 (τ) + z′
0(β+(τ) − β−(τ)). The interactive term

(xi − x0)z′
i makes ∂Q(τ |x, z)/∂x vary with z. If zi is a binary variable, then this slope is equal

to α+
1 and α+

1 + γ+ for zi = 0 and zi = 1, respectively. It is essential to allow the coefficients of
zi to change at the cutoff, otherwise, the QTE estimate will be biased if the treatment effects are
heterogeneous across z values.

2.3 Bandwidth selection

The package offers two methods to choose bandwidth parameters: cross-validation and minimiz-
ing the MSE. In both cases, the bandwidth at the median bn,0.5 is determined first. This value is
then used to determine bandwidths at other quantiles, using the formula of Yu and Jones (1998):

(bn,τ /bn,0.5)4+d = 2τ (1 − τ) /[πϕ(Φ−1(τ))2] for τ ∈ T ,

where ϕ and Φ are the standard normal density and cumulative distribution functions. Alterna-
tively, users can directly specify bandwidth values of all estimated quantiles for estimation and
testing without using output from these two methods, providing a further channel for robustness
analysis.

6



Cross validation bandwidth: For a given candidate bandwidth, estimate the conditional
median at (xi, zi) by a local linear or quadratic regression, treating x as an interior or a boundary
point, leaving out (yi, xi, zi). The goodness of fit is measured by the difference between yi and the
estimated conditional median. Repeat the estimation and compute the mean absolute deviation
over 50% of the observations closest to x. The cross-validation bandwidth minimizes this mean
absolute deviation.
MSE-optimal bandwidth: First obtain a pilot bandwidth for the median using leave-one-out
cross validation. Then construct the MSE-optimal bandwidth for the median by applying this
pilot bandwidth to calculate the necessary quantities in the bandwidth formula from Corollary
3 of Qu, Yoon, and Perron (2023).

2.4 Uniform confidence band with/without robust bias correction

The confidence band we compute relies on the following asymptotic approximation in Corollary
2 of Qu, Yoon and Perron (2023):

(nbn,τ )1/2(Q̂(τ |x, z) − Q(τ |x, z) − b2
n,τ Bv(x, z, τ)) = D1,v (x, z, τ) + op (1) ,

where x can be either x+
0 or x−

0 , Bv(x, z, τ) is a bias term, and D1,v (x, z, τ) converges to a
Gaussian process over τ with mean zero with a pivotal distribution conditioning on the data,
making it readily simulatable.

Using this approximation, the uniform confidence band without bias correction (e.g., ignoring
the bias) is computed as follows: Define σn,τ to be an estimate of (nbd

n,τ )−1/2[ED1,v (x, z, τ)2]1/2,
obtained via simulations. Compute the band as [Q̂(τ |x, z)−σn,τ Cp, Q̂(τ |x, z)+σn,τ Cp], where Cp

is the p-th percentile of supτ∈T |D1,v (x, z, τ) /
√

ED1,v (x, z, τ)2|. This band is wider at quantiles
with sparse data.

To obtain a confidence band with robust bias correction, we implement the following steps:
First, run a local quadratic regression for each quantile to estimate the bias Bv(x, z, τ), denoted
as B̂v(x, z, τ), and compute the bias corrected estimator (nbd

n,τ )1/2(Q̂(τ |x, z) − B̂v(x, z, τ)b2
n,τ ).

This estimator admits the following approximation by Lemma 2 in Qu, Yoon, and Perron (2023):
(nbd

n,τ )1/2(Q̂(τ |x, z) − B̂v(x, z, τ)b2
n,τ − Q(τ |x, z)) = D1,v (x, z, τ) − D2,v (x, z, τ) + op (1) over T ,

where D1,v (x, z, τ) is as stated above, and the new term D2,v (x, z, τ), is due to bias estimation.
The terms D1,v (x, z, τ) and D2,v (x, z, τ) capture the estimation uncertainty of Q̂(τ |x, z) and
B̂v(x, z, τ), respectively. The resulting uniform confidence band is [Q̂(τ |x, z)−B̂v(x, z, τ)−σn,τ Cp,

Q̂(τ |x, z) − B̂v(x, z, τ) + σn,τ Cp], where σn,τ and Cp are as before, with D1,v (x, z, τ) replaced by
D1,v (x, z, τ) − D2,v (x, z, τ). This band is centered at the bias corrected estimate and is wider
than the band without bias correction due to the presence of D2,v (x, z, τ).

7



2.5 Hypothesis testing

To compute the tests, as before, let δ̂(τ |z) = Q̂(τ |x+
0 , z) − Q̂(τ |x−

0 , z). Let ŵ(τ) ≥ 0 be a user-
chosen weight function, satisfying ŵ(τ) p→ w(τ), a smooth function over T . Define W (τ) =
(nbd

n,τ )1/2ŵ(τ)(δ̂(τ |z) − b2
n,τ (B̂v(x+

0 , z, τ) − B̂v(x−
0 , z, τ))), where B̂v represents the bias estimate.

The hypotheses of treatment significance, homogeneity, and unambiguity are tested using the
following statistics, respectively:

WS (T ) = supτ∈T |W (τ)| ,

WH (T ) = supτ∈T

∣∣∣∣∣W (τ) −
√

nbd
n,τ ŵ(τ)∫

s∈T

√
nbd

n,sŵ(s)ds

∫
τ∈T W (τ)dτ

∣∣∣∣∣ ,

WA (T ) = supτ∈T |1 (W (τ) ≤ 0) W (τ)| .

In the case of non-postive effects under the null hypothesis, replace 1 (W (τ) ≤ 0) by 1 (W (τ) ≥ 0).
The tests have built-in bias corrections. No restrictions on biases are imposed across quantiles.
To implement tests without bias correction, simply omit the term (B̂v(x+

0 , z, τ) − B̂v(x−
0 , z, τ))

when computing the test, and the critical values are adjusted automatically.
Sometimes it is desirable to set ŵ(τ) such that the standard deviation of (nbd

n,τ )1/2(δ̂(τ |z) −
b2

n,τ (B̂v(x+
0 , z, τ) − B̂v(x−

0 , z, τ))) is equalized across quantiles under the null hypothesis. Or, one
might assign equal weight to all quantiles. The package provide both options.

2.6 Local QTE in RCT

As highlighted in the introduction, the functions in QTE.RD are flexibly designed to accommodate
more than the RD design. For example, they can be used to analyze data from a randomized
controlled trial. In this case, the two sides of the cutoff are replaced by observations from the
control and treatment groups, respectively. The nonparametric component of the model x will
be a variable that is highly predictive of the outcome of the experiment. The linear component
of the model include other covariates z, which explores the heterogeneity in the treatment effect.

Specifically, let Q1(τ |x, z) be the conditional quantile function of the treatment (d = 1)
group and Q0(τ |x, z) be that of the control (d = 0) group, then the QTE at (x, z) is defined as
Q1(τ |x, z) − Q0(τ |x, z). If x = x0 for some x0, the estimate gives the local effect near a chosen
covariate value x0, placing no restriction on the effects away from x0. The main difference from
the RD case is that here x0 typically represents an interior point instead of a boundary point
for the purpose of estimation and inference. The next section will focus on the RD setting only,
while the empirical application section shows how to use the functions in the package to analyze
data from the RCT as well as from the RDD.
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3 R functions

This section explains the main R functions in the package.

QTE and Uniform confidence band

The function rd.qte() provides the QTE and 100 · (1 − α)% uniform confidence band. Save
data in y, x, d, specify appropriate values for x0, z0, tau, and run

> rd.qte(y,x,d,x0,z0,tau,bdw=8,cov=1,bias=1,cband=1,alpha,print.qte)

This line of code estimates the conditional QTE with bias correction. cov=1 indicates that
covariates are present; otherwise set cov=0 and z0 should be left unspecified. Because cband=1,
a uniform band is obtained. Set cband to zero to obtain a point estimate without confidence
band. The option bias=1 means that the QTE estimate is bias corrected. Therefore, the uniform
band that will be produced is the robust confidence band. When bias=0,cband=1, the above
command estimates the QTE without bias correction and uniform band does not incorporate
bias adjustments. Additional arguments have the following meanings. The quantile indexes
to estimate, T , are denoted by tau. For example, when T = [0.1, 0.9], one may set tau =

seq(0.1,0.9,by=0.05). It will generate an evenly spaced grid with increment 0.05. If bdw

is set to a scalar, then it is interpreted as the bandwidth for the median, and the bandwidth
values for other quantiles are determined within the code using Yu and Jones’s (1998) formula.
If bdw is a vector with the same dimension as tau, then the program will use these values for
the respective quantiles accordingly. When alpha=0.1, one will get a 90% uniform band. When
print.qte=1, the print option is on (which is the default option) and a table will be produced.

If a user saves outputs of rd.qte() in an object A, the QTE estimate and uniform confidence
band are saved in A$qte and A$uband, respectively. As explained above, if bias=1, the QTE and
uniform bands are bias corrected, and if bias=0, they are not bias corrected. A also has a few extra
outcomes. A$qm.est is Q̂(τ |x−

0 , z) and A$qp.est is Q̂(τ |x+
0 , z). The uniform confidence bands

for these estimated conditional quantiles are saved in A$uband.m and A$uband.p, respectively.
These conditional quantile functions will be bias corrected if bias=1. For all results, the values
are ordered as in tau. For example, if tau= seq(0.1,0.9,by=0.05), then the first value is for
the 10-th percentile, and so forth.

Testing Hypotheses on QTE

The function rdq.test() tests the hypotheses on QTE. To test the treatment significance
hypothesis, run
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> rdq.test(y,x,d,x0,z0,tau,bdw,cov,bias,alpha=0.1,type=1,std.opt,print.qte)

The option alpha sets the desired confidence level 1 − α. When alpha=0.1, one will get a
critical value at the 10% level. When alpha=c(0.1,0.05), critical values at the 10% and 5%
levels will be reported. The bandwidth value bdw can be either a scalar (setting the bandwidth
at the median) or a vector with the same length as tau. If bias=1, the test statistic is bias
corrected and critical values are robust to the bias correction. When std.opt=1, the test statistic
is standardized by the pointwise standard deviations of the limiting process. As a result, the
quantiles that are estimated imprecisely receive less weight in the construction. When std.opt=0,
the tests are not standardized, i.e., setting ŵ(τ) = 1, as explained in Section 2.5. The default is
std.opt=1.

To test the treatment homogeneity hypothesis, just change the type option to type=2. For
the unambiguity hypothesis with the effects unambiguously positive under the null hypothesis1,
run

> rdq.test(y,x,d,x0,z0,tau,bdw,cov,alpha=0.1,type=3)

Conversely, if the effects are unambiguously negative under the null hypothesis, set type=4.2

One can set multiple values for type. For example, when type=c(1,2,3,4), all four hypotheses
(significance, homogeneity, positive and negative unambiguity) will be tested.

If a user saves outputs of rdq.test() in an object B, test statistics and critical values are
saved in B$test.stat and B$cr.value, respectively.

Bandwidth selection

To obtain a bandwidth (at the median), run

> rdq.bandwidth(y,x,d,x0,z0,cov=1,cv=1,val=5:20)

The function rdq.bandwidth() can provide two types of bandwidth: the cross-validation
(CV) bandwidth and the (MSE) optimal bandwidth. When cv=1, the function produces both.
When cv=0, the MSE optimal bandwidth is obtained. The CV bandwidth is global with respect
to the model. Even when QTEs are conditional on covariates, a single CV bandwidth will be
obtained. In contrast, the MSE optimal bandwidth is local to z0, meaning that the optimal
bandwidth values will be different across covariate subgroups.

The CV bandwidth requires a series of candidate values. When val=5:20 as in the example
above, the CV procedures tries each of {5, 6, . . . , 20} to select the optimal CV bandwidth value.

1This hypothesis is sometimes referred to as the positive dominance hypothesis.
2This type of unambiguity hypothesis is referred to as the negative dominance hypothesis.
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The optimal bandwidth requires a pilot bandwidth in order to estimate nuisance parameters in
the asymptotic MSE expression. When cv=1, the CV bandwidth is used for the pilot bandwidth
at τ = 0.5. When cv=0, the value provided by the argument hp will be used for the pilot
bandwidth. See the command below for this case. If cv=1, hp can be ignored.

> rdq.bandwidth(y,x,d,x0,z0,cov=1,cv=0,hp=10)

rdq.bandwidth() have some additional arguments as shown below.

> rdq.bandwidth(y,x,d,x0,z0,cov=1,cv=1,val=5:10,pm.each=1,bdy=1,p.order=1,xl=0.5)

In the case the additional arguments are not specified, reasonable default values will be used.
These additional arguments have the following meanings.

The option pm.each concerns the CV bandwidth. When pm.each=1, it calculates the CV
bandwidth on each side of the cutoff x0. When pm.each=0, it will treat x0 as an interior
point (assume that there is no jump at x0) and obtains a single CV bandwidth. The default is
pm.each=1.

The option p.order determines how the CV bandwidth is calculated. When p.order=1, a
local linear regression is used, when p.order=2, a local quadratic regression is used. The default
is the local linear regression.

When the option bdy=1, the CV procedure treats each evaluation point as a boundary value,
as suggested in Imbens and Lemieux (2008, pp 627–628). This is the default option. When
bdy=0, the CV procedure treats each evaluation point as an interior value. If xl=0.5, then the
CV bandwidth uses the 50% of observations closest to x0. The default value is 0.5. The MSE-
optimal bandwidth uses the boundary value formula. Note that it is valid for an interior point
as well.

If a user saves outputs of rdq.bandwidth() in an object C, the outcome C$bandwidth saves
the selected bandwidth values. Specifically, if cv=1, C$bandwidth$cv is the CV bandwidth.
For the MSE optimal bandwidth, values for each side of the cutoff are calculated separately.
bandwidth$opt.m (and bandwidth$opt.p) is the optimal bandwidth from the left (right) side
of the cutoff. All bandwidth values are ordered as in tau. All the reported bandwidth values are
for the median where τ = 0.5.

Plot QTE

The function plot.qte() makes QTE plot with uniform confidence bands. It has the syntax3

> plot(A)
3This function is a S3 method for class ‘qte’.
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where A is an object produced by rd.qte() fitting.
The required inputs are the quantile index (saved in A$tau), the QTE estimate (A$qte), and

the uniform band (A$uband), all of which are produced by rd.qte. The function has an option
ptype. Set ptype=1 to obtain QTE plots and ptype=2 for conditional quantile plots. The default
value is 1.

Section 4 offers step-by-step guides for these functions using an empirical example, which
features RCT as well as RDD.

4 Empirical illustration: the impact of tracking

As explained in the introduction, in this randomized experiment conducted in Kenya, schools
were randomly assigned to tracking and non-tracking schools. This variation from the RCT
allows one to test whether tracking is beneficial to all students, including low achieving students.
Within tracking schools, students above the median of the baseline test were assigned to the
upper section. This variation from the RDD allows one to ask whether a student at the median
would be better off if she is assigned to the upper section. We will consider both types of
variations in this empirical illustration.

4.1 Data and Variables

First we read the data set of Duflo, Dupas, and Kremer (2011)4 and define some key variables.

> require("haven")
> data <- read_dta("student_test_data.dta")
> trk <- data$tracking
> con <- data$etpteacher
> low <- data$lowstream
> ts <- as.numeric(data$totalscore)
> yy <- (ts - mean(ts[trk==0],na.rm=T))/sd(ts[trk==0],na.rm=T)
> xx <- as.numeric(data$percentile)

There are three indicator variables; trk takes 1 for tracking schools, con takes 1 for students
assigned to a contract teacher, low takes 1 for students assigned to low-achieving sections (if
in tracking schools). The variable yy is the endline test scores normalized by the mean and
standard deviation of non-tracking schools and xx is student’s percentile rank from the baseline
test. Because the outcome variable is normalized, the unit of the effect is a standard deviation
of the endline test score (of non-tracking schools).

4It is available at the AER website. See https://doi.org/10.3886/E112446V1-104560.
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4.2 RDD

This section focuses on tracking schools and presents results from the RD design. We examine
students near the median of the baseline test, and compare marginal students who just made the
upper section to those who narrowly missed it. The dependent variable and the running variable
(yc and xc below) include students in tracking schools only. The cutoff point is the median of
the baseline percentile distribution (x0 = 50), and the treatment indicator (dc below) takes 1 if
students are in high achieving sections.

> yc <- yy[trk==1]
> xc <- xx[trk==1]
> dc <- 1-low[trk==1] # high-ability section (if in tracking schools)
> x0 <- 50
> tlevel <- 1:9/10
> hh <- 20

The last two lines set the values of two parameters; tlevel defines the quantile range T =
[0.1, 0.9] and hh is the bandwidth at the median. More details on bandwidth selection will be
discussed later.

QTE from RDD without covariates

In rd.qte(), when x includes the running variable only and z0 is un-specified, one can
estimate quantile effects at x0 without covariate. Set the covariate option cov=0. The option
print.qte=1 indicates that the print option is on (which is the default option).

> A <- rd.qte(y=yc,x=xc,d=dc,x0,z0=NULL,tau=tlevel,h.med=hh,cov=0,
+ bias=1,cband=1,alpha=0.1,print.qte=1)

QTE
----------------------------------------------------------------------

Bias cor. Pointwise Uniform
Tau Est. Robust S.E. 90% Conf. Band

0.1 -0.104 0.134 -0.430 0.221
0.2 -0.001 0.137 -0.334 0.332
0.3 -0.068 0.148 -0.425 0.290
0.4 -0.074 0.160 -0.463 0.315
0.5 -0.157 0.181 -0.596 0.282
0.6 -0.069 0.221 -0.606 0.467
0.7 -0.020 0.269 -0.671 0.632
0.8 -0.023 0.316 -0.790 0.744
0.9 -0.003 0.273 -0.663 0.658

The outcome table shows some essential elements of the analysis including point estimates,
standard errors, and uniform confidence bands. Because the bias option is activated, bias=1,
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the table reports the bias corrected point estimate and the robust standard error and robust
uniform band. If bias=0, one would obtain QTE estimates and uniform bands without the bias
correction. Because alpha=0.1, a 90% uniform confidence band is reported. If alpha=0.05, one
would get a 95% uniform confidence band.

The estimated quantile effects are small in magnitude (the maximum effect is −0.157 stan-
dard deviation when τ = 0.5) and the uniform confidence band includes zero throughout the
quantile range. This confirms a finding in Duflo, Dupas, and Kremer (2011) who concluded that
“the median student in tracking schools scores similarly whether assigned to the upper or lower
section.” The QTE estimate provides even stronger evidence that not only on average but also
on the entire endline score distribution, students near the median of the initial test scores fare
similarly regardless of whether they were assigned to the upper or lower ability section.

To examine the shape of the effect graphically, plot.qte() function can be used to produce
QTE plots along with uniform confidence bands as in Figure 1.

y.text = "test scores"
m.text = "Effects of Assignment to Lower vs. Upper sections"
plot(A,ytext=y.text,mtext=m.text)
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Figure 1: QTE from RDD

It is of interest to examine the conditional quantile functions from two sides of the cutoff. The
function plot.qte() can make such plots with the option ptype=2. The inputs for conditional
quantile plots include estimates for two conditional quantile functions, qp and qm, and their

14



uniform bands, bandp and bandm. These outputs are produced by rq.qte and already saved in
A as the next example shows. In Figure 2, we put two figures on top of each other. To produce
separate figures, simply apply the command twice, once for each side of the cutoff.

y.text = "test scores"
m.text = "Conditional quantile functions"
sub.text = c("Upper section","Lower section")
plot(A,ptype=2,ytext=y.text,mtext=m.text,subtext=sub.text)
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Figure 2: Conditional Quantile Functions

To test the (lack of) effect, one can use the rdq.test() function. When alpha=c(0.1,0.05),
it provides critical values at the 10% and 5% levels. The type option determines the type of tests
to be conducted. The lines below set type=c(1,2,3,4), leading to tests for all four hypotheses
including significance, homogeneity, and positive and negative dominance.

> B <- rdq.test(y=yc,x=xc,d=dc,x0,z0=NULL,tau=tlevel,h.med=hh,cov=0,bias=1,
+ alpha=c(0.1,0.05),type=c(1,2,3,4),print.qte=1)

Testing hypotheses on QTE
---------------------------------------------------------------------------
NULL Hypthoesis test stat. critical value

10% 5%
===========================================================================
Significance: QTE(tau|x,z)=0 for all taus 0.87 2.37 2.69
Homogeneity: QTE(tau|x,z) is constant 0.52 1.82 2.12
Dominance: QTE(tau|x,z)>=0 for all taus 0.87 2.10 2.37
Dominance: QTE(tau|x,z)<=0 for all taus 0.00 2.12 2.36
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The outcome table displays the null hypotheses to be tested, test statistics, and critical values.
All four tests indicate that QTEs are likely to be zero over the entire quantile range.

The empirical evidence from the RDD indicates that there is no difference in endline achieve-
ment between marginal students regardless of whether they were assigned to the upper or lower
section. Because students in the upper section had much higher achieving peers, this implies that
there may be a factor that offsets the positive peer effect. One possibility is that tracking may
allow teachers to adjust their instruction to students’ needs. Exploring this potential channel,
Duflo, Dupas, and Kremer (2011) documented evidence that teachers had incentives to focus on
the students at the top of the distribution. If this is the case, the median students from the
bottom section may get benefits from the instruction that better matches their need.

The bandwidth (at the median) can be estimated as follows.

> C <- rdq.bandwidth(y=yc,x=xc,d=dc,x0,z0=NULL,cov=0,cv=1,val=(5:20),hp=10
+ ,pm.each=0,bdy=1,p.order=1,xl=0.5)

Selected Bandwidths
------------------------------------------------------------
Method Values
============================================================
Cross Validation 20
MSE Optimal 16.2 16.4

Because the cross-validation option is on, cv=1, the table reports both CV and MSE optimal
bandwidths. The candidate values are {5, 6, . . . , 20} for cross-validation, as given by val=(5:20).
We have used the bandwidth 20 because it was the selected by the cross validation method. If
the sample is very large, computing the CV bandwidth may take a long time. In such a case, set
cv=0 and use the MSE optimal bandwidth at least for the initial stage of data exploration.

QTE from RDD with covariates

To see heterogeneity in the effect of tracking, one can include additional covariates. This
section compares effects of tracking for boys and girls. The covariate zc is a female dummy and
the evaluation point z0 is set by z.eval = c(0,1). The order of display in the outcome table is
the same as the order of the group in z0.

> zc <- data$girl[trk==1]
> z.eval <- c(0,1)
> A <- rd.qte(y=yc,x=cbind(xc,zc),d=dc,x0,z0=z.eval,tau=tlevel,h.med=hh,
+ cov=1,bias=1,cband=1,alpha=0.1)

QTE
----------------------------------------------------------------------
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Bias cor. Pointwise Uniform
Tau Est. Robust S.E. 90% Conf. Band

----------------------------------------------------------------------
Group-1 (boys)

0.1 0.295 0.180 -0.131 0.721
0.2 0.090 0.219 -0.430 0.610
0.3 0.063 0.204 -0.420 0.547
0.4 -0.026 0.238 -0.590 0.538
0.5 0.031 0.283 -0.639 0.701
0.6 0.353 0.328 -0.424 1.130
0.7 0.597 0.363 -0.264 1.459
0.8 0.160 0.477 -0.971 1.291
0.9 0.159 0.410 -0.812 1.130

----------------------------------------------------------------------
Group-2 (girls)

0.1 -0.406 0.137 -0.728 -0.083
0.2 -0.161 0.195 -0.621 0.298
0.3 -0.100 0.224 -0.627 0.427
0.4 -0.233 0.243 -0.805 0.340
0.5 -0.475 0.270 -1.111 0.161
0.6 -0.291 0.293 -0.981 0.398
0.7 -0.158 0.360 -1.007 0.692
0.8 -0.236 0.437 -1.265 0.793
0.9 0.000 0.319 -0.752 0.752

Set cov=1 to include additional covariate. Because z.eval = c(0,1) and z0 = 0 means
boys, the outcome table shows results for boys first (shown as Group-1) and girls later (Group-
2). For boys, the quantile effects of being in the upper ability section is positive but insignificant.
For girls, the effects are mostly negative and insignificant. But at the bottom of the outcome
distribution, when τ = 0.1, the negative effect turns to be significant. To see the group-wise
difference graphically, one can draw QTE plots as follows.

> y.text = "test scores"
> m.text = c("Boys","Girls")
> plot(A,ytext=y.text,mtext=m.text)

The plot clearly shows that tracking has positive but insignificant effect for marginal male
students, but the effect is negative for marginal female students and significantly so at the left
tail. To explore further, it will be useful to draw plots for the conditional quantile functions
separately for each group.

y.text = "test scores"
m.text = c("Boys","Girls")
sub.text = c("Upper section","Lower section")
plot(A,ptype=2,ytext=y.text,mtext=m.text,subtext=sub.text)
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Figure 3: QTE from RDD

The plot is omitted to save space but it shows that for girls, the conditional quantile function
of endline test scores for the upper section is consistently below that of the lower section, and
the difference is largest at the left tail.

Tests for hypotheses for each group can be done as well.

> B <- rdq.test(y=yc,x=cbind(xc,zc),d=dc,x0,z0=z.eval,tau=tlevel,h.med=hh,cov=1,
+ bias=1,alpha=c(0.1,0.05),type=c(1,2,3,4),print.qte=0)

We suppress the print option by print.qte=0. The results indicate that it is not possible
to reject hypotheses that the QTE is consistently zero for boys, but there is evidence that the
effects can be negative for girls. For female students the null hypothesis of no effect (significance)
and positive uniform effect (dominance) are rejected at the 5% confidence level.

The bandwidth can be selected as well.

> C <- rdq.bandwidth(y=yc,x=cbind(xc,zc),d=dc,x0,z0=z.eval,cov=1,cv=1,
+ val=(5:20),hp=10,pm.each=0,bdy=1,p.order=1,xl=0.5)

Selected Bandwidths
------------------------------------------------------------
Method Values
============================================================
Cross Validation 19
MSE Optimal,Group-1 14.3 14.9
MSE Optimal,Group-2 18.6 20.0

When users would like to see the effect of the bias correction on point estimates and uniform
bands, it will be convenient to use the function rdq.band(). Its options are the same as those
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in rd.qte(). The difference is that it implements estimation with and without bias correction
and present results side by side.

> D <- rdq.band(y=yc,x=cbind(xc,zc),d=dc,x0,z0=z.eval,tau=tlevel,h.med=hh,
+ cov=1,alpha=0.1)

QTE and Uniform Bands
----------------------------------------------------------------------

Bias cor. 90% Uniform Conf. Band
Tau Est. Est. Non-robust Robust

----------------------------------------------------------------------
Group-1 (boys)

0.1 0.118 0.295 -0.205 0.442 -0.143 0.732
0.2 0.014 0.090 -0.359 0.387 -0.432 0.612
0.3 0.022 0.063 -0.327 0.371 -0.431 0.558
0.4 -0.023 -0.026 -0.435 0.390 -0.616 0.564
0.5 0.044 0.031 -0.440 0.529 -0.672 0.733
0.6 0.093 0.353 -0.486 0.671 -0.465 1.171
0.7 0.194 0.597 -0.437 0.825 -0.288 1.483
0.8 0.096 0.160 -0.708 0.900 -0.961 1.281
0.9 0.267 0.159 -0.439 0.973 -0.831 1.150

----------------------------------------------------------------------
Group-2 (girls)

0.1 -0.204 -0.406 -0.467 0.059 -0.747 -0.064
0.2 -0.111 -0.161 -0.470 0.248 -0.631 0.309
0.3 -0.128 -0.100 -0.536 0.279 -0.614 0.414
0.4 -0.186 -0.233 -0.644 0.272 -0.813 0.347
0.5 -0.335 -0.475 -0.842 0.172 -1.116 0.166
0.6 -0.136 -0.291 -0.679 0.407 -0.987 0.404
0.7 -0.142 -0.158 -0.824 0.540 -1.034 0.719
0.8 -0.148 -0.236 -0.942 0.646 -1.299 0.827
0.9 0.085 0.000 -0.539 0.709 -0.824 0.824

Without bias correction, the effect for girls at the 10th percentile is no longer statistically
significant, as the estimate is smaller. Otherwise, the conclusion does not change.

4.3 RCT

The schools in the sample were randomly assigned to tracking and non-tracking schools. Using
this random variation, one can compare students between tracking and non-tracking schools to
examine the impact of tracking on the entire student population. The tracking variable trk is
the treatment assignment d for the RCT. We use the baseline test score as the nonparametric
component x. Because it is highly predictive of the endline test score, it is natural to examine the
effects of tracking separately for groups at various points of the initial performance distribution.
To examine the heterogeneity in effects, we use student and teacher characteristics as covariates
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z. We continue to use hh=20 for the bandwidth at the median. Users can change the bandwidth
value and examine the robustness of results.

QTE from RCT without covariates

> dr <- trk
> A <- rd.qte(y=yy,x=xx,d=dr,x0=50,z0=NULL,tau=tlevel,h.med=hh,cov=0,
+ bias=1,cband=1,alpha=0.1)

QTE
----------------------------------------------------------------------

Bias cor. Pointwise Uniform
Tau Est. Robust S.E. 90% Conf. Band

0.1 0.234 0.052 0.115 0.353
0.2 0.227 0.064 0.080 0.373
0.3 0.293 0.065 0.143 0.443
0.4 0.278 0.068 0.122 0.434
0.5 0.304 0.075 0.132 0.476
0.6 0.308 0.087 0.110 0.506
0.7 0.308 0.105 0.068 0.548
0.8 0.351 0.133 0.047 0.654
0.9 0.280 0.140 -0.040 0.601

To estimate the QTE without a covariate, set z0=NULL and cov=0. By letting x0=50, we
focus on the median students from the initial achievement distribution and estimate the effect
of assigning them to tracking or non-tracking schools. For this group, test scores were between
0.227 (τ = 0.2) and 0.351 (τ = 0.8) standard deviations higher in tracking schools than in non-
tracking schools when measured by quantile effects. The size of the effect is notably higher than
the average unconditional effect, 0.14 standard deviations higher in tracking schools, as reported
in Duflo, Dupas, and Kremer (2011). This difference suggests that the effect of tracking may be
quite different for high and low-achieving students.

To check this, one can change the value of x0. Set x0 = 20, then one can study the effect of
tracking for the initially low achieving students.

> A <- rd.qte(y=yy,x=xx,d=dr,x0=20,z0=NULL,tau=tlevel,h.med=hh,cov=0,
+ bias=1,cband=1,alpha=0.1,print.qte=0)

The quantile effects for this group of low achieving students from the baseline test are indeed
much smaller. Test scores were up to 0.179 standard deviation higher in tracking schools than
in non-tracking schools. Next, set x0 = 80 and examine the initially high achieving students.

> A <- rd.qte(y=yy,x=xx,d=dr,x0=80,z0=NULL,tau=tlevel,bdw=hh,cov=0,
+ bias=1,cband=1,alpha=0.1,print.qte=0)
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The estimated effects are larger than those for x0 = 20 but still smaller than those for x0 = 50.
The results so far suggest that the impact of tracking from the RCT is the strongest around the
median of the initial achievement distribution. This finding is in harmony with Figure 3 in Duflo,
Dupas, Kremer (2011).

By student’s gender & teacher’s type

There are two types of teachers: regular teachers who are civil-servants and contract teachers
who are hired on short-term contracts by local school committees. The contract teachers have
much stronger incentives to teach well because a good record of performance may lead them
to a regular teaching job. To examine heterogeneous effects across groups defined by student’s
gender and teacher’s type, define the resulting four groups as follows. The covariates z includes
indicators for student’s gender and for contract teacher, and z0 = ((0, 0), (1, 0), (0, 1), (1, 1))′.
This specification means that Group-1 consists of boys taught by regular teachers, while the
remaining three groups are defined accordingly

> zw <- cbind(data$girl,con)
> z.eval <- cbind(rep(c(0,1),2),rep(c(0,1),each=2))
> A <- rd.qte(y=yy,x=cbind(xx,zw),d=dr,x0=50,z0=z.eval,tau=tlevel,h.med=hh,
+ cov=1,bias=1,cband=1,alpha=0.1,print.qte=0)

An outcome table with four groups is not easy to read. It will be easier to examine results
visually by QTE plots as in Figure 4.

> y.text = "test scores"
> m.text = c("boys & regular teachers","girls & regular teachers",
+ "boys & contract teachers","girls & contract teachers")
> plot(A,ytext=y.text,mtext=m.text)

The biggest effect can be found for boys taught by contract teachers.

By age of students

Students in the sample differ greatly in age. The average student at the endline test is 9.3
years old. But the age of the middle ninety percent of students ranges from 7 to 12 years at the
time of the test. Below we compare the effects across four age groups.

> zw <- data$agetest
> z.eval <- c(7,9,10,11)
> A <- rd.qte(y=yy,x=cbind(xx,zw),d=dr,x0=50,z0=z.eval,tau=tlevel,h.med=hh,cov=1,
+ bias=1,cband=1,alpha=0.1,print.qte=0)
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Figure 4: QTE from RCT: By student’s gender & teacher’s type

The effects by age groups are displayed in Figure 5. The bigger effects can be found for
younger students. The maximum quantile effect of tracking at age seven is 0.602 standard
deviation, while at age twelve it is 0.285 standard deviation.

> y.text = "test scores"
> m.text = c("age 7","age 9","age 10","age 12")
> plot(A,ytext=y.text,mtext=m.text)

Testing hypotheses for each age group can also be conducted as follows.

> B <- rdq.test(y=yy,x=cbind(xx,zw),d=dr,x0=50,z0=z.eval,tau=tlevel,h.med=hh,cov=1,
+ bias=1,alpha=c(0.1,0.05),type=c(1,2,3,4))

Test results indicate that QTEs are significant and uniformly positive for all four age groups.

5 Conclusion

QTE.RD is a comprehensive R package designed for analyzing quantile treatment effects under
sharp RD designs. The package enables researchers to test, estimate, and conduct uniform
inference on quantile treatment effects (QTEs), incorporating covariates, implementing robust
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Figure 5: QTE from RCT: By age

bias correction, selecting the bandwidth, and plotting the estimation results, all in the same
place. To our knowledge, this is the first comprehensive R package for estimating quantile effects
under RD designs.

The package can be expanded in two directions to encompass a greater range of empirical
applications. The first is to accommodate time-series RD designs (Hausman and Rapson, 2018).
Developing valid inference results for time-series data would be the first step in achieving this
goal. The second is to allow for more than a few covariates in the model, which might require
incorporating penalization or some covariate selection methods to guide model specification. We
intend to pursue these directions and expand the capacity of this package accordingly.
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